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In this paper we consider the space S of all infinite (denumerable) sequen- 
ces made up of the two symbols a and b. One purpose of this paper is to 
point out that some theorems of the classical nature can be derived in S, 
without the necessity of introducing an order relation in the set {a, b} or in 
the space S, or, a metric in S. The proofs are mainly based on the notion 
of cardinality and the equality of two sequences. 
As usual, two elements xlxz ... xi **a and ylyz .a* yi ... of S are called 
equaE if for every i = 1, 2, 3, ..* the ith coordinate xi of xlxz 1.. xi ... and the 
ith coordinate yi of ylyz ... yi *.. are the same symbol a or b. Otherwise, the 
two sequences are called d&&t. 
The finite sequence xlxs *** x, which is obtained by considering the first n 
coordinates of an element xlxz *** x,x,+~ .** of S is called the n-segment of 
x1x2 *** x,x,+, ... . 
Let us observe that in what follows there is no loss of generality in restricting 
the distinct coordinates of each of the elements of S to the two symbols a or b. 
All the results are applicable to the case where there are any finite number, 
greater than or equal to 2, distinct symbols. 
In the sequel the term denumerubb shall mean denumerable infinite, and, 
nondenumerable shall mean nondenumerable infinite. 
DEFINITION 1. An element s of S is culled a limit point of a subset P of S 
iffor every natural number n, (n = 1, 2, 3, .a.) there are infinitely many elements 
of P whose n-segments are equal to the n-segment of s. 
THEOREM I. Every injkzite subset of S has a limit point. 
PROOF. Let P be an infinite subset of S. Since the first coordinate of 
each element of P is a or b and since P has infinitely many elements, there 
exists an infinite subset P, of P whose elements have a common first coordi- 
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nate, say, a. Similarly, there exists an infinite subset Pa of P, whose elements 
have a common second coordinate, say, 6. Likewise, there exists an infinite 
subset P, of Pa whose elements have a common third coordinate, say, b, etc., 
etc. The sequence abb *.. made up of the above mentioned common coor- 
dinates is evidently an element of S and clearly is a limit point of P. 
DEFINITION 2. A subset of S is called convergent if it has one and onZy one 
limit point. 
THEOREM 2. A convergent subset of S is denumerable. 
PROOF. Let C be a convergent subset of S and let t,t,t, ... (with ti = a 
or ti = b, for every i = 1, 2, 3 ...) be the one and only limit point of C. 
Clearly, for every n = 1,2, 3, ... the n-segments of all but a finite number 
of elements of C must be equal to t,t, ... t,, , since otherwise, in view of 
Theorem 1, C would have more than one limit point. Thus, for every n = 1, 
2, 3, .** the set D, of all elements of C, whose n-segments are distinct from 
t,t, .** t, ) is a finite set. However, 
D, v D, v D, v 1.. = C -(t,t,t, . ..> (1) 
and since the left side of the above equality is a denumerable union of finite 
sets, C is denumerable. 
DEFINITION 3. An injnite subset of S is called fundamental if for every 
n = 1, 2, 3, **a all but a finite number of elements of that subset have the same 
n-segments. 
THEOREM 3. A subset of S is fundamental if and only if it is convergent. 
PROOF. Let C be a fundamental subset of S. In view of Definition 3 and 
Theorem 1, C has a limit point. Clearly, C cannot have more than one limit 
point since otherwise for some n = 1, 2, 3, **a not all but a finite number of 
elements of C would have the same n-segments. Thus, if C is fundamental 
then C is convergent. Next, let C be a convergent subset of S and let t,t,t, ... 
be the limit point of C. Clearly, for every n = 1, 2, 3, ... all but a finite 
number of elements of C have their n-segments equal to t,t, ... t, since 
otherwise C would have limit points distinct from t,t,t, 1.. . Thus, if C is 
convergent then C is fundamental. 
REMARK 1. Let us observe that in view of Theorems 2 and 3 the notions 
of convergence and being fundamental is applied only to the denumerable 
subsets of S. 
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DEFINITION 4. An element c of S is called a condensation point of a subset V 
of S iffor every natural number n, (n = 1, 2, 3, *..) there are nondenumerably 
many elements of V whose n-segments are equal to the n-segment of c. 
THEOREM 4. A nondenumerable subset of S has at least one condensation 
point which belongs to that subset. 
PROOF. Let V be a nondenumerable subset of S. Assume the contrary 
that no element of V is a condensation point of V. For every n = 1, 2, 3, ..., 
let V, denote the set of all those elements of V such that for every element x 
of V, the set of all elements of V whose n-segments are equal to the n-segment 
of x is at most denumerable. Obviously, for every n = 1, 2, 3, .** the set 
V, is at most denumerable. Claim that 
Clearly, it is enough to prove that every element of V is an element of some 
V, . Let x be an element of V. In view of our assumption x is not a condensa- 
tion point of V. Hence there exists a natural number n such that there are 
finitely or denumerably many elements of V whose n-segments are equal to 
the n-segment of x. Consequently, x is an element of V, and equality (2) 
is valid. However, the left side of equality (2) is a denumerable union of sets 
each of which is at most denumerable, contradicting the fact that V is non- 
denumerable. Thus, our assumption is false and the theorem is proved. 
THEOREM 5. The set of those elements of a subset of S which are not con- 
densation points of that subset is at most denumerable. 
PROOF. Let V be a subset of S and C the set of those condensation points 
of V which belong to V. Assume the contrary that V - C is nondenumerable. 
But then, in view of Theorem 4, V - C has a condensation point which 
belongs to V - C, contradicting the fact that V - C and C are disjoint. 
Thus, our assumption is false and the Theorem is proved. 
COROLLARY 1. A nondenumerable subset of S contains nondenumerably 
many of its condensation points. 
THEOREM 6. Let C be the set of all condensation points of a subset of S. 
Then the set of all limit points of C as well as the set of all condensation points 
of C is equal to C. 
PROOF. Let C be the set of all condensation points of a subset V of S. If 
V is at most denumerable, then C is an empty set in which case the set of 
all its limit points as well as the set of all its condensation points is empty 
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and the proof of the Theorem is trivial. Next, let V be nondenumerable. To 
prove the theorem, it is enough to show that every element of C is a conden- 
sation point of C and that every limit point of C is an element of C. Let 
t&t, .*. be an element of C. Thus, for every n m= 1, 2, 3, ... there exists a non- 
denumerable subset I/, of V such that the n-segment of every element of 
V, is equal to tlt2 ... t, . But then, by Corollary 1, there are nondenumerably 
many elements of C whose n-segments are equal to t,t, ..* t, . Consequently, 
v2t3 se= is a condensation point of C. Next, let ereaea ... be a limit point of C. 
Then for every n = 1,2, 3, ... there is at least one element (as as a matter 
of fact there are infinitely many) of C whose n-segment is equal to e1e2 ... e, . 
But then there are nondenumerably many elements of V whose n-segments 
are equal to e1e2 *.* e, Consequently, e,e,e, *.. is a condensation point of V 
and therefore an element of C. 
DEFINITION 5. As usual, the set of all limit points of a subset P of S is 
denoted by P’ and is called the derived set of P. If P’ C P then P is called a 
closed set. If P’ = P then P is called a perfect set. If P C P’ then P is called a 
dense-in-itself set. Moreover, the set of all condensation points of P is denoted by 
P*. If P = P* then P is called a condensed set. 
In view of the above notations, Theorem 6 implies: 
P* = (P*)* = (P*)‘, for every subset P of S. (3) 
Thus, in particular. 
COROLLARY 2. The set of all condensation points of a subset of S is perfect. 
THEOREM 7. The derived set of a nonempty dense-in-itself subset of S is 
of the power of continuum. 
PROOF. Let P be a subset of S such that PC P’ and P’ is nonempty. 
Clearly, P has infinitely many elements. Thus, there exists a natural number 
n, and two elements ss and sr of P whose n,-segments are equal and whose 
n, + l-segments are distinct. Since P C P’ therefore s,, as well as sr is a 
limit point of P. Thus, there exists a natural number n2 > n, and two 
elements so0 and s,,r of P whose n,-segments are equal to the n,-segment of 
s,, and whose n2 + l-segments are distinct. Similarly, there exists a natural 
number m2 > n, and two elements sl,, and srr of P whose m,-segments are 
equal to the m,-segment of sr and whose m2 + l-segments are distinct. 
Likewise, since so0 is a limit point of P there exists a natural number 
na > n2 and two elements soot, and sOOl of P whose n,-segments are equal to 
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the ns-segment of so0 and whose ns + l-segments are distinct. Continuing 
in this manner, corresponding to every dyadic decimal, say, 0.001011 **a, we 
obtain a denumerable set 
so I so0 I so01 9 so010 9 S00101 Y s001011 9 -** (4) 
of elements of P which, in view of the above construction and Definition 3, 
is fundamental, and hence, by Theorem 3, is convergent. However, since P’ 
is the set of all limit points of P, the limit of (4) is an element of P’. Let us 
observe that, in view of the above construction, to every dyadic decimal there 
corresponds an element of P’ and that this correspondence is one-to-one. 
Since the set of all dyadic decimals is of the power of continuum, P’ has a 
subset of the power of continuum. Moreover, since P’ is a subset of S and S 
is of the power of continuum, P’ is of the power of continuum, as desired. 
COROLLARY 3. A nonempty pecfect subset of S is of the power of continuum. 
THEOREM 8. A subset of S is perfect if and only if it is condensed, i.e., 
(P = P’) H (P = P*), for every subset P of S. (5) 
PROOF. Suppose P = P’. Then P* C P. To prove that P* = P, it is 
enough to show that P - P* is empty. Assume the contrary that P - P* 
is not empty. By Theorem 5, Z’ - P* is at most denumerable. By Corollary 2, 
P* is perfect and since by our assumption P is perfect, every element of 
P P* is a limit point of P - P* and vice versa. Thus, P -- P* is a non- 
empty perfect set and hence, by Corollary 3, is of the power of continuum. 
But this contradicts the fact that P - P* is at most denumerable. Thus, 
indeed, if P = P’ then P = P*. Next, suppose P = P*. But then by (3), 
P = P* = (P*)’ = P’, as desired. 
THEOREM 9. Let C be a closed subset of S. Then C is the union of the set of 
all its condensation points C* which is perfect and a set D which is at most 
denumerable and disjoint from C*. Moreover, C is at most denumerable or of the 
power of continuum. 
PROOF. Since C is closed, C* C C. Let D = C - C*. Thus, 
C = C* U D, where, in view of Corollary 2, C* is perfect and, in view of 
Theorem 5, D is at most denumerable and where D is obviously disjoint 
from C*. Thus, the first part of the theorem is proved. Now, if C* is empty 
then C = D and C is at most denumerable. If C* is not empty, then 
in view of Corollary 3, C* is of the power of continuum. Moreover, 
since C* C C C S and S is of the power of continuum, C is of the power of 
continuum, as desired. 
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THEOREM 10. A subset of S is closed zf and only if it is the derived set of a 
subset of S. 
PROOF. Let C be a closed subset of S. To every n-segment of every ele- 
ment x of S which is not a limit point of C we correspond an element s,(n) 
of S whose n-segment is equal to the n-segment of x and whose ith coordinate, 
for every i > n, is equal to the (n f 1)th coordinate of X. Define 
s, = h(x), %(X), %(X>, ...I. 
Clearly, S, is a fundamental set whose limit point is X. Let 
v= u s,. 
xe(C-C’) 
Consider the set W given by 
w=cvv. 
Claim that C is the derived set of W. To this end, it is enough to show that 
every limit point y of W is an element of C. Assume the contrary that y 
is a limit point of Wand not an element of C. Since C is closed, y must be a 
limit point of a subset of V. Two cases may occur. First, there exists a natural 
number n such that the n-segment of every element of C - C’ is distinct 
from the n-segment of y. But this contradicts the fact that y is a limit point of 
a subset of V. Next,consider the second case, where for every natural number n 
there exists an element of C - C’ whose n-segment is equal to the n-segment 
of y. But in this case y must be an element of C, contradicting our assumption. 
Now, we prove that for every subset P of S the derived set P’ of P is closed. 
Let x be a limit point of P’. Then for every natural number n there is at 
least one (and as a matter of fact, infinitely many) element of P’ whose 
n-segment is equal to the n-segment of X. But then there are infinitely many 
elements of P whose n-segments are equal to the n-segment of X. Thus, x is a 
limit point of P and belongs to P’. Consequently, P is closed. 
THEOREM 11. Let C be a family of closed subsets of S with empty intw- 
section. Then there exists a jkite subset of C with empty intersection. 
PROOF. Leaving the trivial cases aside, let C be an infinite family satisfying 
the hypothesis of the theorem. Assume the contrary, that C has no finite 
subset with empty intersection. Thus, there exists a subset C, of C such that 
the union of the complements (with respect to S) of the elements of C, 
contains all the elements of S whose first coordinates are equal to a. Similarly, 
there exists a subset C, of C such that the union of the complements of the 
elements of C, contains all the elements of S whose first coordinates are 
equal to b. In view of our assumption, it must be the case that C, or Cb has 
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no finite subset the complement of whose intersection contains, respectively, 
all the elements of S whose first coordinates are equal to a, or, to b. Let it be 
the case where C, has no finite subset the complement of whose intersection 
contains all the elements of S whose first coordinates are equal to a. But 
then there exists a subset C,, of C, such that the union of the complements 
of the elements of C,, contains all the elements of S whose 2-segments are 
equal to aa. Similarly, there exists a subset C,, of C, such that the union of 
the complements of the elements of C,, contains all the elements of 5’ whose 
2-segments are equal to ab. Again, in view of our assumption, it must be the 
case that, say, C,, has no finite subset the complement of whose intersection 
contains all the elements of S whose 2-segments are equal to ub. Continuing 
in this way, we obtain an element c = ub ... of S such that for no natural 
number n, C has a finite subset the complement of whose intersection con- 
tains all the elements of S whose n-segments are equal to the n-segment of 
c. Now, in view of the hypothesis there exists an element E of C not con- 
taining c. However, since E is closed there exists a natural number n such 
that E contains at most finitely many elements c1 , ca , ..., ck of S whose 
n-segments are equal to the n-segment of c. Again, in view of the hypothesis, 
there exist elements E, , E, , *.., E, of C not containing, respectively, ct , ca , 
. . . , ck . But then {E, E1 , E, , .a., Ek} is a finite subset of C the complement 
of whose intersection contains all the elements of S whose n-segments are 
equal to the n-segment of c. Thus, we arrive at a contradiction. Hence, our 
assumption is false and the theorem is proved. 
THEOREM 12. Let x and y be two distinct elements of S. Then there exists 
two closed subsets C, and C, of S such that 
XEC,, Y 6 c, > c, n c, =qs and c, v c, = s. 
PROOF. Since x and y are two distinct elements, there exists a natural 
number n > 1 such that the n-segment of x is distinct from the n-segment of 
y. Let C, be the set of all elements of S whose n-segments are equal to the 
n-segment of x. Clearly, x E C, . Moreover, C, is a closed set since it con- 
tains all its limit points. Let C, = S - C, . Obviously, y E C,; moreover, 
C, is a closed set. Furthermore, C, and C, are disjoint, i.e., C, n C, = 4. 
Also, C, v C, = S. 
DEFINITION 6. A subset H of S is culled an open set ij S - H is a closed 
subset of S. 
THEOREM 13. Let x be an element of S and let x(n) be the set of all elements 
of S whose n-segments (n = 1, 2, 3, ...) are equal to the n-segment of x. Then 
x(n) is an open set. 
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PROOF. If y is a limit point of S ~ x(n), then y cannot be an element of 
x(n); since in that case the n-segment of y would be equal to the n-segment 
of x which, in view of the fact that x(n) is the set of all elements of S whose 
n-segments are equal to the n-segment of x, would contradict that y is a limit 
point of S - x(n). 
In view of Theorem 13, we introduce: 
DEFINITION 7. For any element x of S and any natural number n (n = 1, 
2, 3, a**), the set x(n) of all elements of S whose n-segments are equal to the 
n-segment of x is called a basic open set of S. 
THEOREM 14. Every open set of S is a union of basic open sets of S. 
PROOF. Let H be an open set of S and x an element of H. Since x is 
not a limit point of S - H, there exists a natural number m (m = 1, 2, 3, e-e) 
such that there exists no or a finite number of elements of S - H whose 
m-segments are equal to the m-segment of x. But then there exists a natural 
number n (n = 1,2, 3, *a*) such that x(n) C H. Clearly, x E x(n). Thus, 
corresponding to every element x of H, there exists a basic open set which 
contains x as an element and which is a subset of H. Thus, H is a union of 
basic open sets. Conversely, any union V of basic open sets is an open subset 
of S since no element of V can possibly be a limit point of S - I’. 
THEOREM 15. The intersection of two basic open sets x(m) and y(n) of S 
is either the empty set or is equal to one of them. 
PROOF. Let x(m) n y(n) f +. Without loss of generality, we may assume 
m < n. But then x(m) C y(n) since the m-segment of every element of y(n) 
is equal to the m-segment of an element of x(m). 
In view of Theorems 14 and 15, we see that the family of all basic open 
sets of S forms a topological basis for the set S. We shall call this topology the 
natural topology of S. From Definition 7 it follows that the natural topology 
of S has a countable basis. 
Also, let d be a mapping from S x S into the set of all rational numbers 
such that for every two elements x and y of S, 
d(x, y) = 0, if x=y 
and 
d(x, y) = l/n, if XZY 
where n > 1 is the smallest natural number such that the n-segment of x 
is distinct from the n-segment of y. Then we see at once that the sphere 
with center at x and radius l/(n + 1) coincides with the basic open set x(n). 
Thus, the set S under its natural topology is metrizable. 
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Finally, observing the fact that every element x of S is a limit point of a 
basic open set x(n), and, in view of Theorems 11 and 12, we derive: 
THEOREM 16. The set S under its natural topology is a perfect, compact 
and totally disconnected space. 
